ABSTRACT. Let G be a connected, reductive group over an algebraically closed field of good characteristic. For u ∈ G unipotent, we describe the conjugacy classes in the component group A(u) of the centralizer of u. Our results extend work of the second author done for simple, adjoint G over the complex numbers.
Throughout this note, G will denote a connected and reductive algebraic group G over the algebraically closed field k. For the most part, the characteristic p ≥ 0 of k is assumed to be good for G (see §1 for the definition).
The main objective of our note is to extend the work of the second author [Som98] describing the component groups of unipotent (or nilpotent) centralizers. We recall a few definitions before stating the main result.
A pseudo-Levi subgroup L of G is the connected centralizer C o G (s) of a semisimple element s ∈ G. The reductive group L contains a maximal torus T of G, and so L is generated by T together with the 1 dimensional unipotent subgroups corresponding to a subsystem R L of the root system R of G; in §9 we make explicit which subsystems R L arise in this way when G is quasisimple.
Let u ∈ G be a unipotent element, and let A(u) = C G (u)/C o G (u) be the group of components ("component group") of the centralizer of u. We are concerned with the structure of the group A(u) (more precisely: with its conjugacy classes).
Consider the set of all triples
where L is a pseudo-Levi subgroup with center Z = Z(L), the coset tZ o ∈ Z/Z o has the property that
, and u ∈ L is a distinguished unipotent element. The theorem is proved, after some preliminaries, in §8.
Remark 2. The G-conjugacy classes of pairs (u, x) as in the statement of the theorem are in obvious bijection with G-conjugacy classes of pairs (u, C) where u ∈ G is unipotent and C ⊂ A(u) is a conjugacy class.
Remark 3. Assume that G is simple and adjoint. We show in §10 that our work indeed extends the results of the second author. If u ∈ G is unipotent, we find as a consequence of Theorem 1 that the conjugacy classes in A(u) are in bijection with C G (u)-conjugacy classes of pseudo-Levi subgroups L containing u as a distinguished unipotent element; this was proved for k = C in [Som98] . It follows that A(u) ≃ A(û) whereû is a unipotent element in the corresponding group over C with the same labeled diagram as u. This isomorphism was known previously by case-checking in the exceptional groups; see especially [Miz80] . The structure of A(u) for the exceptional groups when k = C is originally due to Alekseevski [Ale79] .
Remark 4. Our proof of Theorem 1 is free of case-checking, with the following caveats. We use Pommerening's proof of the Bala-Carter theorem (specifically, we use the construction of "associated co-characters" for unipotent elements) in the proof of Proposition 12. Moreover, we use work of Premet to find Levi factors in the centralizer of a unipotent element; see Proposition 10.
REDUCTIVE ALGEBRAIC GROUPS
Fix T ⊂ B ⊂ G, where T is a maximal torus and B a Borel subgroup. Let (X, R, Y, R ∨ ) denote the root datum of the reductive group G with respect to T ; thus X = X * (T ) is the character group, and R ⊂ X is the set of weights of T on g. Fix S ⊂ R a system of simple roots.
When R is irreducible, the root with maximal height (with respect to S) will be denotedα. Writeα
for positive integers a β . The characteristic p of k is said to be good for G (or for R) if p does not divide any a β . So p = 0 is good, and we may simply list the bad (i.e. not good) primes: p = 2 is bad unless R = A r , p = 3 is bad if R = G 2 , F 4 , E r , and p = 5 is bad if R = E 8 .
The prime p is good for a general R just in case it is good for each irreducible component of R.
For a root α ∈ R, let G a ≃ X α ⊂ G be the corresponding root subgroup.
SPRINGER'S ISOMORPHISM
Let U ⊂ G and N ⊂ g denote respectively the unipotent and nilpotent varieties. In characteristic 0, the exponential is a G-equivariant isomorphism N → U; in good characteristic, one has the following substitute for the exponential:
Proposition 5. There is a G-equivariant homeomorphism ε : N → U. Moreover, if R has no component of type A r for which r ≡ −1 (mod p), there is such an ε which is an isomorphism of varieties.
Proof. LetG be the simply connected cover of G, and π :G → G the corresponding isogeny. LetÑ andŨ denote the corresponding varieties forG. Since the characteristic is good, it has been proved by Springer [Spr69] that there is aG-equivariant isomorphism of varietiesε :Ñ →Ũ; for another proof, see [BR85] .
It follows from [McN, Lemma 24 ] that π restricts to a homeomorphism π |Ũ : U → U, and that dπ restricts to a homeomorphism dπ |Ñ :Ñ → N . Since the characteristic is good, dπ is bijective provided that R = A r when r ≡ −1 (mod p); see the summary in [Hum95, 0.13]. It follows from the remaining assertion in [McN, Lemma 24 ] that π |Ũ and dπ |Ñ are isomorphisms of varieties when dπ is bijective, whence the proposition.
In what follows, we fix an equivariant homeomorphism ε : N → U, to which we will refer without further comment.
ASSOCIATED CO-CHARACTERS
Recall that a unipotent u ∈ G is said to be distinguished if the connected center
is then associated to X if the image of φ lies in the derived group of some Levi subgroup L for which X ∈ Lie(L) is distinguished, and if (3) holds.
A co-character φ is associated to a unipotent u ∈ G if it is associated to X = ε −1 (u). Remark 7. The proof of the existence of associated co-characters (i.e. the previous proposition) relies in an essential way on Pommerening's proof [Pom] of the BalaCarter theorem in good characteristic.
Let φ be a co-character associated to the unipotent u ∈ G, and let g(i) be the iweight space for Ad •φ, i ∈ Z. Let p = i≥0 g(i). Then p = Lie(P ) for a parabolic subgroup P of G; P is known as the canonical parabolic associated with u.
Proposition 8. Let u ∈ G be unipotent. The parabolic subgroup P is independent of the choice of associated co-character φ for u. Moreover,
Remark 9. The proof that C G (u) ⊂ P is somewhat subtle in positive characteristic. Let X = ε −1 (u). In characteristic 0, the assertion C o G (u) ⊂ P is a consequence of the Lie algebra analogue c g (X) ⊂ p which follows from the Jacobson-Morozov theorem. (The fact that the full centralizer lies in P is then a consequence of the unicity of the canonical parabolic P ). In good characteristic, the required assertion for the Lie algebra was proved by Spaltenstein, and independently by Premet; see the references in [Jan, §5] . In the positive characteristic case, the transition to the group is more subtle; again see loc. cit.
THE LEVI DECOMPOSITION OF A UNIPOTENT CENTRALIZER
In characteristic p > 0, a linear algebraic group can fail to have a Levi decomposition. Moreover, even when they exist, two Levi factors need not in general be conjugate. If u ∈ G is unipotent and the characteristic is good for G, the connected centralizer C o G (u) does have a Levi decomposition, thanks to work of Premet. More precisely:
Proposition 10. Let u ∈ G be unipotent, let P be the canonical parabolic associated with u (see Proposition 8), and let U P be the unipotent radical of P .
2. For any co-character φ associated with u, the centralizer
Remark 11. The proof that R(u) is a connected (normal, unipotent) group is elementary, as is the fact that C G (u) = C φ · R(u). The proof that C φ is reductive depends on work of Premet, and ultimately involves case-checking in small characteristics for exceptional groups.
SEMISIMPLE REPRESENTATIVES
If H is a linear algebraic group, in characteristic 0 one may always represent a coset tH o ∈ H/H o by a semisimple element t ∈ H. In characteristic p > 0 this is no longer true in general (e.g. if [H :
. Let now G be connected, reductive in good characteristic and suppose u ∈ g is unipotent. Despite the above difficulty, we may always choose semisimple representatives for the elements in the component group A(u).
Proposition 12. Let u ∈ G be unipotent, and suppose
Proof. Let P ⊂ G be the canonical parabolic subgroup attached to u. Then one knows that C G (u) ⊂ P by Proposition 8.
According to [McN, Lemma 25] , for any Borel subgroup B o of P , the equivariant homeomorphism ε : N → U restricts to a B o -equivariant homeomorphism u = Lie(U ) → U , where U is the unipotent radical of B o .
Since v ∈ C G (u) ⊂ P , v lies in the unipotent radical U of some Borel subgroup of P . By equivariance of ε, C U (u) is the image under ε of the Lie algebra centralizer c u (u) and is thus connected. Thus, v ∈ C U (u) lies in a connected subgroup of C G (u) as desired.
Corollary 13. Let u ∈ G be unipotent. Then each element of the component group A(u) may be represented by a semisimple element s ∈ C G (u).
Proof. Let g ∈ C G (u), and let g = g s g u be its Jordan decomposition where g s is semisimple and g u is unipotent. Proposition 12 implies that g u ∈ C o G (u), whence the corollary.
PSEUDO-LEVI SUBGROUPS
We collect here a few results on pseudo-Levi subgroups which will be needed in the proof of Theorem 1. Recall that by a pseudo-Levi subgroup, we mean the centralizer of a semisimple element of G.
is a reductive subgroup of G, and is generated by T together with the root subgroups X α for which α(S) = 1.
For (2), we may suppose that t ∈ T . Let
for any x ∈ tS. Since tS is an irreducible variety, the intersection of non-empty open subsets
is itself open and non-empty; moreover, it is clear that R x = R ′ whenever x ∈ U , so the first assertion of (2) follows from Lemma 14.
For the final assertion of (2), first note that Proof. Let π :G → G be the simply connected covering group for G, and let
Since p is good for L if and only if it is good forL, we may suppose that G is simply connected. In that case (see e.g. [Spr98, Chapter 9]) there is an isomorphism G ≃ i G i × S where each G i is quasisimple and S is a central torus. Since L = i (L ∩ G i ) × S, it suffices to suppose that G is quasisimple. According to [SS70, §4.1,4.3] p is good for G if and only if ZR/ZR 1 has no ptorsion for any (integrally) closed subsystem R 1 of R. Since the root system R L of L is one such subsystem, it readily follows that p is good for any irreducible component of R L . Proof. The homomorphism φ : A σ × A → A given by φ(x, y) = x · σ(y)y −1 has surjective differential by [Spr98, Corollary 5.4.5(ii)], so φ is surjective.
SEMISIMPLE AUTOMORPHISMS OF REDUCTIVE GROUPS
If H is any linear algebraic group, an automorphism σ of H is semisimple if there is a linear algebraic group H ′ with H ¡ H ′ such that σ = Int(x) |H for some semisimple x ∈ H ′ (where Int(x) denotes the inner automorphism determined by x).
Proposition 19. Let H be a reductive algebraic group, and suppose the images of the semisimple elements t, t ′ ∈ H lie in the same conjugacy class in H/H o . Then there is g ∈ H and a semisimple
Proof. Replacing t ′ by ht ′ h −1 for suitable h ∈ H, we can suppose that t and t ′ have the same image in H/H o . Applying Proposition 17 we can find T ⊂ B where T and B are respectively an Int(t)-stable maximal torus and Borel group. Similarly, we can find an Int(t
Replacing g by bg for some b ∈ B, we can arrange that g −1 T ′ g = T ; replacing t ′ by gt ′ g −1 , we see that T ⊂ B is both Int(t)-stable and Int(t ′ )-stable. Thus n = t −1 t ′ is in the normalizer of T in H o . Since Int(n) fixes B, and since the Weyl group N H o (T )/T acts simply transitively on the set of Borel subgroups containing T , we deduce that n ∈ T . We can therefore write t ′ = ta for a ∈ T . By Lemma 18 we can write a = xt −1 yty −1 for some x ∈ C T (t) and y ∈ T . Let g = ty −1 . Then one readily checks that Proof. Choose M, M ′ ∈ M with t ∈ M and t ′ ∈ M ′ . Since M and M ′ are Hconjugate, replacing t ′ by an H-conjugate permits us to suppose that t, t ′ ∈ M . Since M is reductive, we deduce the result from Proposition 19.
ESTABLISHING THE MAIN RESULT
Let A be the set of triples a = (L, tZ o , u) where L is a pseudo-Levi subgroup of G with center Z, tZ
and u ∈ L is a distinguished unipotent element. The action of G on itself by inner automorphisms determines an action of G on A .
For a = (L, tZ o , u) ∈ A , we set u(a) = u, and we write c(a) ⊂ A(u) for the element c(a) = tC o G (u). Let B be the set of all pairs (u, x) where u ∈ G is unipotent and x ∈ A(u). The action of G on itself by inner automorphisms yields an action of G on B.
To a ∈ A we associate the pair Φ(a) = (u(a), c(a)) ∈ B.
Lemma 21. Let (u, c) ∈ B. Then there is a ∈ A with Φ(a) = (u, c).
Proof. Choose a semisimple t ∈ C G (u) whose image in A(u) represents c (Corollary 13). Let S be a maximal torus of 
. By Proposition 15(3), we may choose the representatives t, t 
and so gb = a as desired. Proof of Theorem 1. In the notation introduced in this section, Theorem 1 is equivalent to: Φ induces a bijection from the set A /G of G-orbits on A to the set B/G of G-orbits on B.
First note that Φ(ga) = gΦ(a) for each a ∈ A , so that indeed Φ induces a welldefined map Φ : A /G → B/G. Lemma 21 implies that Φ itself is surjective, hence also Φ is surjective. Finally, Lemma 22 shows that that Φ is injective; this proves the theorem.
CENTRALIZERS OF SEMISIMPLE ELEMENTS IN QUASISIMPLE GROUPS
In this section, we characterize the pseudo-Levi subgroups of G when the root system is irreducible (i.e. when G is quasisimple); the results are applied in the next section. The characterization we give is well-known (certainly in characteristic 0), but as we have not located an adequate reference (see Remark 26 below), and since the arguments are not too lengthy, we include most details.
Let T be any torus over k with co-character group Y (in the application, we take T to be a maximal torus of G). We denote by V = Y ⊗ R the extension of Y to a real vector space, and by T = V /Y the resulting compact (topological) torus. If X is the character group of T , then X identifies naturally with the Pontrjagin dual T = Hom(T, R/Z) of T [note that we regard R/Z as a multiplicative group]. The following lemma due to T. A. Springer may be found in [Ste68, §5.1]
Lemma 23. (a) For each t ∈ T , there is t ′ ∈ T with the following property:
( * ) for each λ ∈ X, λ(t) = 1 if and only if λ(t ′ ) = 1.
(b) Conversely, if t ′ ∈ T has finite order, relatively prime to p if p > 0, there is t ∈ T for which ( * ) holds.
Unless explicitly stated otherwise, we suppose in this section that R is irreducible, so that G is quasisimple. LetS = S ∪ {α 0 } where α 0 = −α; thusS labels the vertices of the extended Dynkin diagram of the root system R. For any subset J S , let R J = ZJ ∩ R. Recall that T is a maximal torus G. Note that we do not require the characteristic to be good for G in this section.
Lemma 24. For t ∈ T, put R t = {α ∈ R | α(t) = 1}. Then there is J S such that R t is conjugate to to R J by an element of W , the Weyl group of R.
Proof. Lett ∈ V represent t ∈ T. For some elementw of the affine Weyl group W a = W · ZY ,wt lies in the fundamental alcove A o in V (whose walls are labeled byS). The image ofwt in V is then wt, where w is the image ofw in the finite Weyl group W , and R wt = w −1 R t . Thus, we suppose that t can be represented by a vector in A o . In that case, let J = {α ∈S | α(t) = 1}. Then the equality of R t and R J is proved in [Lus95, Lemma 5.4] (in loc. cit., Lusztig works instead with the complex torus Y ⊗ C/Y , but his argument is readily adapted to the current situation).
For a subset J S , we consider the subgroup
Proof. We may suppose that t ∈ T . Set R t = {α ∈ R | α(t) = 1}. According to Lemma 14, C o G (t) is generated by T and the X α with α ∈ R t . With notations as before, choose t ′ ∈ T with the property ( * ) of Lemma 23 for t. Thus R t = R t ′ .
Lemma 24 implies that R t and R J are W -conjugate for some J S ; thus In good characteristic, the converse of the previous proposition is true as well:
Proposition 27. Suppose that the characteristic of k is good for G. Let J S , and let Z be the center of L J . There is t ∈ Z with L J = C o G (t). Proof. It suffices to suppose that G is adjoint. In that case, there are vectors ̟ ∨ α ∈ Y , α ∈ S, dual to the basis S of X. We suppose that α 0 ∈ J, since otherwise L J is a Levi subgroup and the result holds (in all characteristics) e.g. by [Spr98, 6.4.3] .
Denote by {α 1 , . . . , α r } ⊂ S the simple roots which are not in J. Since J =S,
Choose ℓ a prime number different from p, and let s ∈ T be the image of
We have written a i for the coefficient a αi ; see eq. (2). If r > 1, the order of s is divisible by ℓ and divides a 1 ℓ; if J =S \ {α 1 }, s has order a 1 . Since p is good, the order of s is thus relatively prime to p. If ℓ is chosen sufficiently large, we have J = {β ∈S | β,s ∈ Z}. Sinces lies in the fundamental alcove A o , (the proof of) Lemma 24 implies that R s = R J . By Lemma 14, C o G (s) is generated by T and the
EXPLICIT DESCRIPTIONS FOR SIMPLE AND ADJOINT G
In this section, we consider G simple of adjoint type. Thus the roots R span the weight lattice X over Z and the root system is irreducible. The characteristic of k is assumed to be good for G throughout.
The results of the previous section show that in good characteristic, a pseudoLevi subgroup in the sense of this paper (connected centralizer of a semisimple element) is the same as a pseudo-Levi subgroup in the sense of [Som98] (subgroup conjugate to some L J ).
Lemma 28. Let L J be a pseudo-Levi subgroup with center Z.
Every element of the character group of Z/Z
o can be represented by a root in R.
Proof. Since p is good, ZR/ZJ has no p-torsion. Thus the character group X(Z/Z o ) is isomorphic to the torsion subgroup of ZR/ZJ as in [Som98, §2] , so the proof of (1) in loc. cit. remains valid over k.
It is also true that X(Z/Z o ) is naturally isomorphic to ZR J /ZJ whereR J denotes the rational closure of R J in R. We will show that the setR J surjects onto the latter cyclic group. NowR J is the root system of a Levi subgroup of G, and so it contains at most one irreducible component of type different than type A. Since the rank of ZR J equals the rank of ZR J , the type A components ofR J play no role (every root sub-system is rationally closed in type A), and so we may assume thatR J is irreducible. Then R J is a root system with Dynkin diagram obtained by removing one simple root α from the extended Dynkin diagram ofR J . Since there exists a positive root inR J whose coefficient on α is any number between 1 and d J (note that d J is necessarily the coefficient of the highest root ofR J on α), (2) follows. Proof. In view of Lemma 29, this follows from Theorem 1.
LetĜ be the group over C with the same root datum as G. Since the characteristic is good, the Bala-Carter-Pommerening theorem shows that unipotent classes of G and ofĜ are parametrized by their labeled diagram. For each unipotent element u ∈ G, letû ∈Ĝ be a unipotent element with the same labeled diagram as u.
In view of Proposition 30 and Lemma 28, the calculations of [Som98, §3.3, 3.4, 3.5] remain valid for k. We deduce:
Theorem 31. With assumptions as above, A(u) ≃ A(û) for each unipotent u ∈ G.
